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Abstract-We show that if a Lebesgue-integrable function f : R ---t &! satisfies the functional 
equation p[zr, zs, . . . . z,,] = h(zr + 22 + . + zn), then f is a polynomial of degree at most n. This 
answers a question raised by Bailey [l]. Furthermore, we give two other (but related) characterizations 
of polynomials. 
Let lR be the set of all real numbers. The divided difference on n points is defined inductively as 
follows: 
f[xo] = f(xo) and f[xo,a,. . . ,2k] = 
f[20,21,..., xk-1] - f[xl, 52, * . . , xk] 
20 - xk 
(1) 
Similar to divided difference, we define inductively a variant of it as 
f{zo} = f(xo) and f{xo, 21,. . ., zk) = 
xk f{xO, 21,. * * ,X&I} - ~Of{~1,~2~v~k) 
XO - xk 
. (2) 
In [2], Bailey and Fix have shown that if f is a polynomial of degree not more than n 2 2, then 
f[Z17229***,Xn] =- 
(n T l)! 
f(n-1) ( X1 + x2 + . . . + xn 
n b 
and conversely. In [l], Bailey wrote “One is also led to wonder if 
f[Zl, x2,. . . ) x,] = h(z1 + x2 + . . . + 2,) 
and f continuous (or perhaps differentiable) will imply that f is a polynomial of degree no more 
than n. At this point we have no answer.” The case when n = 2 is treated in [3] and [4]. 
In [l], the case n = 3 was dealt with assuming f to be differentiable. In [5], we have shown 
that if F is a (commutative) field of characteristic different from two and f, h : F --+ F satisfies 
f[xi, x2, xs] = h(zi +x2 + xs), then f is at most a cubic polynomial. In this paper, we show that 
if f is a Lebesgue-integrable function and f, h : IR + R satisfy the equation f[xi, x2,. . . ,x,1 = 
h(z1+22+*** +xn), then f is a polynomial of degree at most n 2 2. Furthermore, we show that 
if a Lebesgue-integrable function f : B + R satisfies f{xi, x2,. . . , x,} = h(x~ x2 . . . x,), then it 
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is also a polynomial of degree at most n. We also prove that if a Lebesgue-integrable function f 
satisfies f[xl, x2,. . . , xn] = h(m x2 . . . r,), then xf(x) is a polynomial of degree at most n. 
An easy computation shows that, for any positive integer n 2 2, 
f[x1,x2,..., xn.] = 2 
f (4 
+I (Xi -X1)(% -x2)* * '(Xi - Zi_l)(Xi - zi+l)* * '(Xi - 2,)' (3) 
THEOREM 1. If f : IR + R is Lebesgue-integrable and f, h : R -+ IR satisfy 
f[x1,x2,..., x,] = h(x1 + x2 + . * * + x,) (xi#xj,i#j, i,j=1,2 ,..., n), 
then f is a polynomid of degree at most n > 2. 
PROOF. Inserting (3) into (FE), we obtain 
(FE) 
h(x1 + x2 + . . . + 2,) = 2 
f (xi) 
i=l (Xi - Xl) (xi - x2). * * (xi - Xi-l) (xi - Xi+1) * *a (Xi - 2,)’ (4) 
Since f is Lebesgue-integrable, from (4), it is clear that h is also Lebesgue-integrable on a small 
interval [zo, z] containing xn, but not containing x1, x2, . . . , xn_ 1. Integration of (4) with respect 
to xn on the interval [zo, z] yields 
J 
z h(Xl +x2 +..* + 5n-l+2,)dZ, 
20 
n-1 
=c 
f (xi) J ' dx, i=l (Xi - Zl)(Xi -X2)...(Xi - G-1)(% -Xi+1)*..(% - xn-1) .zo xi -&I 
+ J f (xn) z; (xn_xl)(xn_x2)...(xn-xn_l)dx~ (x1,x2,e..rx+-l 4 [zo,zl)* (5) 
Rewriting (5) (with x = xl), we obtain 
f(x) 
(x - x2) (x - 23). . . (x - xn-1) In 
2 - zo 
( > x-z 
n-l 
c f (Xi> i=2 (Xi - X)...(Xi -Xi_1)(Xi - Xi+1)...(Xi - X,-l) In Xi - ZO =-- ( > xi - 3 5 
f(t) 
Z+zz+...+ln-l+Z - J z. (t - x)(t- X2)'. *(t - X,-l) dt+J h(t) dt. (6) z+zz+~~~+zn-l+zo 
The right side of (6) is continuous for x, thus f is continuous. From (4), h is also continuous. 
Furthermore, by (6) the left side of (6) is also differentiable with respect to x. Hence f is 
differentiable. From this, it can be easily shown that f and h have derivatives of all orders. 
Now, by induction, we show that f is a polynomial of degree no more than n. By a result of 
Acz& (see [l, Theorem, p. 44]), the assertation of the theorem is true for n = 2. Suppose now 
that the statement is true for n = N (2 2), and consider (4) for n = N + 1. 
If we replace f by F where F(x) = f(x) - f (0)) then it can be easily checked that F satisfies (4) 
and hence (FE). So we may assume that f(0) = 0. Under this assumption, we let XN+~ = 0 
in (4) to obtain 
h(xl + x2 + . . . 
f (xi) 
i=l xi (Xi - Xl) (Xi - x2) . . . (Xi - Xi-l) (Xi - xi+l). . . (Xi - XpJ)’ 
(7) 
We have proved that h and f have derivatives of all orders. Therefore, if we define 
{ 
f(r) 
g(x) := f’io;, 
if x # 0, 
if 2 = 0, 
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then we have f(z) = xg(z) for all z E R, and (7) reduces to 
N 
h(xl + 22 + * ’ * + XN) = c 
+I (xi - Xl) (Xi - X2) ’ * ’ (Xi - Xi-l) (Xi - Xi+l) ’ . ’ (Xi - XN) ’ 
By definition of g, and since f is Lebesgue-integrable and has derivatives of all orders, we see 
that g is Lebesgue-integrable. Thus, by the induction hypothesis, g is a polynomial of degree at 
most N, and 
N+l 
f(x) = 2 -2 ai xi-l, 
where ai’s are real constants. Removing the assumption f(0) = 0, we get 
N+l 
f(x) = c c&xi, 
i=o 
that is, the statement of the Theorem 1 is also true for n = N + 1. Hence, Theorem 1 holds for 
all n 2 2 and the proof is now complete. 
THEOREM 2. If f : R \ (0) + R is Lebesgue-integrable and f, h : R \ (0) -+ R satisfy 
f[Xl,XZ,.. .,xJ =h(x122”‘5,) (Xi#Xj,i#j,i,j=1,2 ,..., n), (8) 
then f(x) has derivative of all orders for all x E lR \ (0) and xf(x) (for x # 0) is a polynomial of 
degree at most n 2 2. 
PROOF. By (3), the equation (8) can be written as 
h(Xl x2.. .x,) ==e f (Xi> 
i=l (Xi - Xl) (Xi - x2). . . (Xi - X&l) (Xi - Xi+1) * * * (Xi - xc,) * (9) 
Since f : IR \ (0) + JR is Lebesgue-integrable, h is Lebesgue-integrable on an small interval [ZO, Z] 
containing xn, but not xl, x2,. . . , x,-l. As in Theorem 1, we integrate (9) with respect to x, 
in [zc, Z] (with 0 < ~0 < Z) and then introduce a new variable t = xi x2 . . . x, in the resulting 
expression to obtain 
f (Xl) Xl - 20 
(Xl -X2) (Xl - X3)..‘(Xl -X,-1) 
In ~ 
( > Xl - 2 
n-1 
f (Xi) xj - zo =- 
c i=2 (Xi - Xl). . * (Xi - 2&_1) (Xi - Xi+1). . . (Xi - xn_l) In ( > Xi - Z 
L 
f(t) 
II 22 ... In-1 2 
- J t0 (t - XI) (t - x2). . . (t - Xn-1) dt + s h(t) dt. (10) II 22 ‘.. In-1 zo 
Using an argument similar to that in Theorem 1, we can show from (10) that f and h have 
derivatives of all orders. 
Now, by induction, we show that xf (x) (for x # 0) is a polynomial of degree at most n. By a 
result of Aczel and Kuczma [6], the statement is true for n = 2. Suppose now that the statement 
is true for n = N, and consider (8) for n = N + 1. 
If we replace f by F in (9), where F(x) := f(x) - f(l), then F satisfies also (9). So we may 
assume that f (1) = 0. Under this assumption, we set zN+i = 1 in (9) (replacing n by N + 1) to 
get 
N 
h(Xl X2. “xN)=&(Xi-Xl)...(Xj-X~_~);Xi-Xi+l)...(Xi-XN) ;(‘i* 
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We have proved that h(x) and f(x) (x # 0) h ave derivatives of all orders. Therefore, if we define 
g(x) := 
{ 
$9 ifx#l, 
f’(l), ifx=l, 
then we have f(x) = (x - 1) g(z) for all x E IR \ {0}, and 
h(xl52 . . .XN) = 5 
SW 
i=l (Xi - x1) *. . (Xi - Z&l) (Xi - xi+l) * *. (Xi - XN)’ 
Thus, by induction hypothesis, xg(x) is a polynomial of degree at most N. Hence, 
N+1 
xf(x) = x(x - l)g(x) = (x - 1) c &XV 
i=l 
Removing the assumption f(1) = 0, we have 
Xf(X) =a~+lX~+l+U~X~+...+alx+Uo, 
where aN+l = @N+l and ai = pi -pi+1 for i = 1,2,. . . , N. That is, the statement of the theorem 
is true for n = N + 1. Hence the theorem holds for all positive integers n >_ 2 and this completes 
the proof. 
Corollary 1. If f : B t R is Lebesgue-integrable and f, h : !R -+ R satisfy 
f{Xl>X2,.. . ) z,} = h(XlX2.. * x,) (xi#xj,i#j,i,j=1,2 ,..., n), (11) 
then f(x) has derivative of all orders and f(x) is a polynomial of degree at most n 2 2. 
PROOF. Setting x, = 0 (with 21x2 =..x,_l # 0) in (ll), we get 
f(0) = (-l)n-l h(0). (12) 
For 21x2. -. xn # 0, we get from (11) 
h(xl x2 . . . x,) 
n 
c F(xi) = 2122’*‘Xn i=l (Xi -Xl)‘*a(Xi -Xi_-l)(Xi -Xi+l)“‘(Xi -2,)’ 
where F(x) = e (z # 0). Hence by Theorem 2 and (12), x F(x) is a polynomial of degree at 
most n and so also f. This completes the proof of the corollary. 
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